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Coupled Mode Analysis of a Finline

JERZY MAZUR AND MICHAL MROZOWSKI

Abstract —A theoretical anafysis of a unilateral firdine loaded with
arbitrary inhomogeneous Iossy dielectric material is presented, The rigor-

ous coupled mode approachis used. The electromagnetic field in the line is

expressed in terms of the modes of a ridged wavegoide and the problem is

transformed to a matrix eigenvahse equation. Approximate expressions are

derived for investigating the properties of the fnndmnental mode in finlines
loaded with dielectric slabs. Dispersion characteristics, the cbaracterfstic

impedance, and the attenuation due to dielectric Iosses and tbe finite

conductivity of metal coating are computed for various line configurations.
The numerical results are compared with data obtained by means of the

spectraf-domain method, proving the vafidity and usefulness of the pro-
posed approach.

I. INTRODUCTION

sINCE THE finline was first proposed in 1974 by
Meier [1] as a new transmission line for millimeter-

wave integrated circuits, E-plane printed waveguides have
been established for use in low-cost millimeter systems.
The application of finlines has been discussed by many
authors and various theoretical analyses have been pro-
posed to study their general properties. The existing litera-
ture concerning planar structures, finlines in particular, is
vast and only a few of the publications will be referred to
in this paper. More exhaustive lists of references can be
found in the comprehensive reviews published by Solbach
[2] and Jansen [3].

Approximate solutions for the finlines, incl~ding disper-
sion diagrams and the characteristic impedance of the
fundamental mode, can be obtained using the equivalent
model approach [4], curve fitting [5], the modified TLM
method [6], or the modified transverse resonance method
[7]. Exact methods stem from the full-wave, hybrid-mode
formulation of the boundary value problem and allow one
to obtain a field solution for dominant as well as higher
order modes necessary for characterization of finline dis-
continuities. Among the various techniques, the spectral-
domain method (SDM), first proposed by Itoh and Schmidt
[8], proved to be particularly suitable for numerical imple-
mentation and since then has become a widely accepted
standard. This technique was then developed and results of
the investigation of various properties of finlines, including
the characteristic impedance [9], attenuation due to dielec-
tric and conductor losses [10], and the effect of finite
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metallization thickness [11], have been published. Among
other rigorous approaches at least one, namely the mode-
matching procedure [12], [13], should be mentioned. This
method, although less numericall~y efficient then the SDM,
can be used to investigate more general finline configura-
tions with more than one dielectric region, finite fin thick-
ness, and substrate mounting grooves [13].

Both exact and approximate methods are used, with
certain exceptions [10], to study idealized lossless struc-
tures. Moreover, the homogeneity of the dielectric sub-
strate in the direction parallel to the fins is a prerequisite
to most of the theoretical analyses. Among the aforemen-
tioned procedures, only the mode-matching method is
theoretically able to provide an accurate solution for fin-
line structures loaded with dielectric slabs inhomogeneous
in both the E and H planes. ,

In this paper we propose a simple and efficient method
for analyzing a finline loaded with arbitrary inhomoge-
neous lossy dielectric material. The analysis is based on the
coupled mode method for investigating nonideal wave-
guides [14], [17] or structures containing isotropic or
anisotropic inserts [15], [16]. The electromagnetic field in
the line is expanded into series of eigenfunctions of a
ridged waveguide, and the boundary value problem is
transformed into a matrix eigenvalue equation. The pro-
posed method, in its full form, is accurate. Moreover, it
also offers useful, almost analytical approximate expres-
sions for investigating the properties of the fundamental
mode in finlines loaded with dielectric slabs, including
dispersion characteristics, the characteristic impedance, and
the attenuation due to dielectn~c losses and the finite
conductivity of metal coating.

II. ANALYSIS

The cross section of the analyzed line is shown in Fig.
l(a). The solution to the boundary value problem describ-
ing electromagnetic wave propagation in the z direction in
the structure under investigation can be found using the
coupled mode method [14]–[16]. In this procedure the
fields in the analyzed guide are expressed in terms of the
fields of a second, basis waveguiding structure whose modal

solutions are known. The analyzed structure may be re-
garded as a modification of a ridged guide with ridges of

zero thickness (Fig. l(b)). This affinity allows us to assume
that the electromagnetic field in the investigated structure
c$n be expressed in terms of the fields of ridged guide. Let
cf. and ~ denote the eigenfunctions corresponding to the
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Fig. 1. Cross-sectional view of (a) the analyzed finline and (b) basis
structure.

modes of the ridged guide. The eigenfunctions are normal-
ized and orthogonal; i.e., they satisfy the following rela-
tion:

(1)

where S,n is the Kronecker delta.
According to the coupled mode procedure we expand

the transverse field components in the analyzed guide into
series of the eigenfunctions:

n n

where v.(z) = v~e‘J~f z and i~( z ) = e~e “pf’ are the un-
known amplitudes and & is the propagation constant of
the analyzed guide. Using (2) and bearing in mind the
orthonormality relation (l), we transform Maxwell’s equa-
tions to the coupled mode equations:

~v, = – j~,z,i, – j~i.K,.,
n

d

‘zUnKtni, j=l,z,-. (3)—i,=— j/?, ~vi-J
82 n

In the above equations ~,, ~, and 2, denote the propaga-
tion constant, the wave admittance, and the impedance of
the i th mode of the ridged guide, respectively, whereas
KZn, and K[nZ are the coefficients describing the couplings
between modes of the ridged guide that result from the
perturbation caused by the dielectric insert. The coupling
coefficients are given by the following equations:

(4)

where Q is the cross section of the analyzed guide and kO
and To are, respectively, the wavenumber and the intrinsic
impedance of free space.

Equations (3) can be cast into matrix form, yielding

[g-w][:]=o (5)

with

-[- 10 Q2
g=

Q21 ‘o

and

Qi’; = WA, + K.., Q;; = AK%,+ K,.,

where ~ denotes the unity matrix.

Equ~tion (5) constitutes a matrix eigenvalue problem,
which implies that the unknown propagation constant fif
as well as the expansion coefficients v,, i, can be easily
found as the eigenvalues and eigenvectors of matrix Q.

—

A. Eigenfunctions of a Ridged Guide

In order to solve (5) we have to determine the eigenfunc-
tions of the basis structure. A ridged waveguide supports
TE and TM modes. The eigenfunctions corresponding to
these modes can be derived from the scalar potentials +
and +. Since there are no closed-form expressions for the
scalar potentials in the ridged guide, we use for their
determination the spectral-domain procedure [8]-[11], [19].
Expanding into Fourier series the unknown potentials in
regions 1 and 2 on both sides of the ridges and taking into
account the boundary conditions on the screening walls as
well as the symmetry properties with respect to the plane
y = c, we obtain

+,= z C;cosh(a:y)cos( knx)
~=o

r)2=- ~ C/cosh[a~(a -y)]cos(knx) (6)
~=1)

and

where

with k. = n ~/b. In the above expressions the symbols h

and e correspond to TE+and TM+modes, respectively.
The eigenfunctions cf. and %, can be obtained from

the following relations [17]:
‘2

$h = –v,+ @’=–j& ‘z ,
k TIO+a

83= &;h x z,
o

(8)

where V,= ( ~/dx)ii’X + ( 6’/dY)Zy.

The continuity conditions in the plane y = c bring about
a functional equation relating current densities on the
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ridges to the electric field in the slot. The functional
equation is solved using the Galerkin procedure in the
Fourier domain. This technique requires the expansion of
the field inside the slot into series of known basis functions
with unknown coefficients. As a result of the procedure we
obtain an infinite set of homogeneous equations:

~=1 ~=() ‘n

j=l,2,

for TE modes and

2?>”””

(11)

for TM modes. In formulas (10) and (11) .ZXmndenotes the
n th Fourier term of the m th basis function and a ~ and a fi

are the unknown amplitudes. The determinant of the above
set of equations is set to zero, yielding the dispersion
equation for the TE or TM modes of the ridged guide.
Once the root of the dispersion equation /3 is found, it is
substituted into (10) and (11) and the resulting set of
equations is solved, giving the amplitudes of basis func-
tions.

The yet unknown expansion coefficients C; and C~Care
related to the Fourier transforms of the field between fins
by the following equations:

In order to ensure the orthonormality of the eigenfunc-
tions we have to normalize amplitudes a! and a:. For this
purpose we use the following normalization conditions for
the scalar potentials [17]:

If these conditions are fulfilled the eigenfunctions are also
normalized. Using (12) and (13) together with (6), (7), and
(14), we obtain

B. Single-Mode Approximation

Using the procedure outlined above, we may obtain a
rigorous solution for a wide range of waveguidhg struc-
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Fig. 2. Cross-sectionaf view of a symmetrical structure of a finiine
loaded with dielectric slabs.

tures. The accuracy of the methocl depends on the number
of eigenfunctions taken into account in the field expan-
sion. Note that up to now the analysis was general. In
particular we did not assume any particular shape of the
dielectric insert. Presently we shall concentrate on the
analysis of lines loaded with slabs of rectangular cross
section and symmetrical with respect to the plane x = b/2
(Fig. 2). Finlines operating in the millimeter-wave range
use thin, low-permittivity dielecl.ric substrate. Thus, we
may assume that the dielectric perturbs fiainly the funda-
mental TEI mode of the ridged guide. Owing to the
symmetry of the structure we may also put kn = 2n 7r/b.
The coupled mode equations take, in this case, the follow-
ing form:

with Z; = koqo/@. Note, that since EZ = O, Kzll equals
zero.

Additionally, in this paper we shall use only a single
function to approximate the electric field between fins.
The deterrninantal dispersion relation then becomes a
transcendental equation which can be readily solved even
on a personal computer.

C. Propagation Constant and Characteristic Impedance

Having determined the eigenfunctions of the Ibasisguide,
we can compute the coupling coefficient Kfll. Let us
assume that the investigated line is loaded with L slabs. In
this case we have

with

(18)

(19)

Using (8) together with (6) we obtain

+ ~ z d@:,cnhchIss ICCm h., X.m (20)
n=orn=o
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Fig. 3. Comparison of this method with SDM [9] (c= 2.2). (a) Wavelength ratio i~ho. (bl Characteristic impedance.
(Dimensionsin mm, fins and slot are centered.)(a) (b)

where

I;;m = J‘–%ls(knx)cos(kmx) Cix

d,

Ijn,=J’-’lsin(x)sin(k~x)dxdx (21)
d,

~;:.,=J’’cosh(~:Y)cosh( a:zY) ‘y

I;m=;’’5inh(a:y )5inh(aLy)dY
(22)

1

with ll=yi> 12= Y,+l if y,+ls~ and lI=C-Y,+l~ i2=c–

Y, if y, > c+
Once the coefficient K,ll is found we can obtain from

(17) the following approximate analytic expression for the
propagation constant in the investigated line:

The characteristic impedance is defined as

177)2

z+-
P

(24)

P=~”Z@x@)dQ

h.~h
= 01/1 /( i=. #x W+*) dfl = u~i~h.

Q

Substituting U and P into {24) we obtain

Zc ==Z;lafl+?x,ol’ (25)

with Z;= koqo//3f.

D. Conductivity and Dielectric Losses

Attenuation due to the finite conductivity of the fins
and screening walls can be found by means of the pertur-
bation method [171. The conductivity losses may be ex-
pressed as

R# \~X tilzdl
aa

CYe =
2P

(26)

where Rw = {w. In the above formulas o is the

conductivity of the metal and i? is a unit vector normal to
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the contour d 0. Substituting (8) and (26) we obtain

R.

a’= 2/koT@’f (9$& JvA42dl+ p;$#12dZ) (27)

Detailed expressions for the integrals appearing in formula
(27) are given in the Appendix.

Dielectric losses can be obtained directly from (23).
Assuming that the relative permittivity of the i th slab is
given by

<i=c, – jcitan8<i

with tan bei being the loss tangent, and substituting it into
(23) we get

L

y~=p~’+k~ ~ (ci– jtitantl,i)~.
1=1

Thus, the dielectric losses are given by

k: ~ c, tan8C,~
,=1ad =

2pf “
(28)

III. NUMERICAL RESULTS

The analysis presented in the previous section was im-

plemented on a personal computer. To verify the accuracy
of the method, the numerical results were compared with
data available from the literature. Most of the curves
presented in this paper were obtained using the following
functions approximating the electric field between fins:

eXl= 1 (29)
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if o/b >0.8 or

e.,= ~~- b/2)2 (30)

if u/b <0.8. The numerical results obtained by this
method for a finline with a low-perrnittivity substrate
(e= 2.2) are shown in Fig. 3 together with data published
by Knorr and Shayda [9], who used the SDM. Very good
agreement was observed for the propagation constant, and,
provided that the slot is narrow compared to the line
height, also for the characteristic impedance. The accuracy
of the approximate formulas derived in this paper de-
creases with the frequency. This can be readily explained
from the fact that the Ez field component, which becomes
significant at higher frequencies, was ignored in the TEI
mode approximation. Fig. 4 shows the influence of the
permittivity of the substrate (c= 3.8) on the accuracy of
the numerical results. The dispersion characteristic is accu-
rate over a wide frequency range (2 percent difference at
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f =80 GHz) in relation to the curve published by
Kitazawa and Mittra [11]. However, as could have been
expected, a greater discrepancy compared with the
low-permittivity case is observed for the characteristic
impedance curve.

The dielectric and conductivity losses for two different
line configurations are displayed in Figs. 5 and 6. In order
to avoid the nonconvergent series in conductivity loss
computations, resulting from the unbounded magnetic field
component near the edge of an infinitely thin conductor
which leads to a non-square integrable integrand in pertur-
bation formula (27), the function approximating the field
between slots had to be modified. The following represen-
tation was taken in place of (30):

‘x’= [w2_(x:b,2)2(’/3) ~

(31)

The losses shown in Fig. 5 have values and character
similar to the results published by Mirshekar-Syahkal and
Davies [10]. Fig. 6 illustrates the frequency behavior of the
losses for different slot widths. The attenuation due to the
finite conductivity of the metal is approximately ten times
higher than the dielectric loss. Both conductivity and di-
electric losses increase as the slot width decreases.
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0.0635 mm. Dimensions in mm, fins and slot are centered.)

Figs. 7–9 show the curves of the propagation constant
and the characteristic impedance for structures loaded
with dielectric material inhomogeneous in both the E
plane and the H plane. The dielectric slab placed in the
slot region reduces the impedance of the line. The stronger
effect is observed for the slab placed directly over the slot
(Fig. 9).

IV. CONCLUSIONS

A theoretical coupled mode analysis of a finline loaded
with arbitrary inhomogeneous lossy dielectric material was
presented. The method is exact if an infinite number of
modes of a ridged waveguide are used to construct the
field inside the line. Approximate, almost analytical ex-
pressions were derived for investigating the properties of
the fundamental mode in finlines loaded with dielectric
slabs. Propagation characteristics including dispersion dia-
grams, the characteristic impedance, and dielectric and
conductivity losses were computed for various line config-
urations. The calculations were compared with results of
spectral-domain analysis. Good agreement was observed
for lines with low-permittivity substrates, proving the va-
lidity and usefulness of the proposed approach.

The method can be applied to study other finline config-
urations for which the SDM is inadequate. In particular, it
allows one to investigate the propagation in finlines con-
taining gyromagnetic material [18].
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APPENDIX

The contour integrals appearing in formula (27) are
given by

# lvt+12dl= 2( 1,+21, +213) (Al)
da

~ ,+,’dl=z(l,+z~,+%) (A2)
ao

where

11= ~ C~’k~~bsin2 (k.x) dx (A3)
n=l o

12= ~ ~ a~a~CjC~~’sinh ( a~y ) sinh ( a~y) dy
n=om=o

(A4)

13= ~ ~ knkmC;C;cosh ( ~:C) cosh (LI~C)

n=lm=l

“J

{b– ‘)’2Sin(knX) sin (k~x) ‘x (A5)
o

14= ~ C:’ (bCOS2 (knx) dx (A6)
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[14]
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[16]

[17]
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[19]

rt=orn=o

f
(b- “’)’2cos(k~x) COS ( kmx) ‘x (A8)

o
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